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Bornologial versus topologial analysis in metrizable spaes
Ralf Meyer
Abstrat. Given a metrizable topologial vetor spae, we an also use its
von Neumann bornology or its bornology of preompat subsets to do analysis.
We show that the bornologial and topologial approahes are equivalent for
many problems. For instane, they yield the same onepts of onvergene
for sequenes of points or linear operators, of ontinuity of funtions, of om-
pleteness and ompletion. We also show that the bornologial and topologial
versions of Grothendiek's approximation property are equivalent for Fréhet
spaes. These results are important for appliations in nonommutative ge-
ometry. Finally, we investigate the lass of smooth subalgebras appropriate
for loal yli homology and apply some of our results in this ontext.
1. Introdution
Bornologial vetor spaes provide an ideal setting for many problems in non-
ommutative geometry and representation theory. I met them rst when I studied
entire yli ohomology in my thesis ([5℄). They are also quite useful for many
other purposes. They give rise to a very nie theory of smooth representations of
loally ompat groups ([6℄). They allow to take into aount the analytial ex-
tra struture on sheaves of smooth or holomorphi funtions ([8℄). The projetive
bornologial tensor produt still gives good results for spaes like LF-spaes where
the projetive topologial tensor produt does not work. This is useful in order to
dene yli type homology theories for onvolution algebras of non-ompat Lie
groups and étale groupoids beause these algebras are only LF. The bornologial
approah is also very onvenient for spaes of test funtions and distributions.
The main motivation for this artile is loal yli homology, whih is due to
Mihael Pushnigg ([7℄). It is the rst yli theory that yields reasonable results for
C∗-algebras. Pushnigg denes his theory on a rather ompliated ategory whose
objets are indutive systems of nie Fréhet algebras. A muh more natural
setup is the ategory of bornologial algebras. However, sine most of the analysis
that Pushnigg needs is only worked out for topologial vetor spaes, he is fored
to use more ompliated objets. Nevertheless, inside the proofs he treats indutive
systems of Fréhet spaes as if they were bornologial vetor spaes.
Let V be a topologial vetor spae. A subset of V is alled von Neumann
bounded if it is absorbed by eah neighborhood of zero. It is alled preompat
if it an be overed by nitely many sets of the form x + U , x ∈ V , for eah
neighborhood of zero U . The von Neumann bounded and the preompat subsets
form two standard bornologies on V , whih we all the von Neumann bornology
and the preompat bornology on V , respetively. In order to dene the loal yli
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homology of, say, a C∗-algebra A, we must view A as a bornologial algebra with
respet to the preompat bornology. We annot take the von Neumann bornology
beause various kinds of approximations an only be made uniform on preompat
subsets. Thus we replae A by a rather ompliated bornologial algebra and we
have to do analysis in A bornologially.
The main theme of this artile is that topologial and bornologial analysis in
a metrizable topologial vetor spae V give equivalent answers to many questions.
Sine this observation has its own intrinsi interest, we analyze some matters in
greater depth than needed for yli homology. We treat both the preompat
and the von Neumann bornology, although we only use the preompat one in
appliations. We do not require onvexity unless we really need it.
In the last setion we indiate how some of our results apply in onnetion with
loal yli homology. Sine the denition of that theory also involves advaned
homologial algebra, we do not dene it here. Nevertheless, we an explain why
it is invariant under passage to smooth subalgebras. This is the ruial property
of the theory. Using the examples of smooth subalgebras that we exhibit in
Setion 6.2 this invariane result implies the good homologial properties of loal
yli homology for C∗-algebras.
We only need a subalgebra to be losed under holomorphi funtional alulus
in order to get an isomorphism on topologial K-theory. Sine this ondition merely
involves a single algebra element, it is an intrinsially ommutative onept. We
shall instead use the spetral radius for a bounded subset of a bornologial algebra,
whih ontrols the onvergene of power series in several non-ommuting variables.
A bounded homomorphism with loally dense range that preserves the spetral
radii of bounded subsets is alled isoradial. This is the onept of smooth sub-
algebra that is appropriate for loal yli homology. We show that an isoradial
homomorphism is an approximate loal homotopy equivalene or more briey, an
apple, provided a ertain approximation ondition is satised. For instane, the
algebra D(M) of smooth funtions with ompat support on a smooth manifold M
is an isoradial subalgebra of C0(M) and the embedding is an apple. Loal yli ho-
mology is dened so that apples beome isomorphisms in the bivariant loal yli
homology. Thus it produes equally good results for small algebras like D(M) and
large algebras like C0(M).
To study loal yli homology for bornologial algebras, we have to arry over
quite a few analytial onepts known for topologial vetor spaes to the born-
ologial setting. We need ontinuous and smooth funtions from manifolds into
bornologial vetor spaes, ompleteness and the ompletion, approximation of op-
erators on bounded subsets, the approximation property and dense subsets. We
show that these bornologial onepts are equivalent to the orresponding topolog-
ial ones if V is metrizable and given the preompat bornology. Along the way
we introdue some further important properties like loal separability, bornologi-
al metrizability and subompleteness. Many results that hold for the preompat
and von Neumann bornologies on metrizable topologial vetor spaes extend to
arbitrary bornologially metrizable bornologial vetor spaes.
It is important for our appliations that our denitions and onstrutions are
loal in the sense that they are ompatible with diret unions. Let (Vi) be an
indutive system of bornologial vetor spaes with injetive struture maps and
let V be its diret limit. Then the natural maps Vi → V are injetive, so that
the Vi are isomorphi to subspaes of V . A subset of V is bounded if and only
if it is bounded in one of the subspaes Vi. Hene it is appropriate to all V
a diret union of the indutive system (Vi). Any separated onvex bornologial
vetor spae an be written as a diret union of normed spaes in a anonial way.
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Thus if a onstrution is ompatible with diret unions, we an redue from the
ase of separated onvex bornologial vetor spaes to the ase of normed spaes.
This simplies analysis in onvex bornologial vetor spaes.
We hoose our spaes of ontinuous and smooth funtions to be loal in the
sense that a ontinuous (smooth) funtion into a diret union lim−→Vi is already
a ontinuous (smooth) funtion into Vi for some i ∈ I. There are alternative
denitions that are non-loal. Similarly, the approximation property has both a
global and a loal variant, and the loal variant sues for our appliations. The
only non-loal onstrution that we need is the ompletion. Its lak of loality
means that we have to replae it by a derived funtor when we dene loal yli
homology. This derived funtor agrees with the ompletion if and only if the spae
in question is subomplete, that is, a subspae of a omplete spae. We obtain some
suient onditions for subompleteness. They imply that the spaes that we must
omplete to ompute the loal yli homology of a Fréhet algebra are subomplete,
so that the problem with ompletions usually does not arise in pratie.
1.1. Some notation. We all a subset of a bornologial vetor spae bounded
if it belongs to the bornology. This fores us to all the bounded subsets of a
topologial vetor spae von Neumann bounded beause we usually prefer the
preompat bornology. For a topologial vetor spae V let Pt(V ) and vN(V )
be the bornologial vetor spaes obtained by equipping V with the preompat
bornology and the von Neumann bornology, respetively.
Everything we do works both for real and omplex vetor spaes. To simplify
notation we only formulate results for omplex vetor spaes. We refer to [4℄ for
the elementary denitions of bornologies, vetor spae bornologies, onvexity and
separatedness. We all a subset S ⊆ V of a vetor spae a disk if it is absolutely
onvex and satises S =
⋂
t>1 tS. We let VS = C · S be the linear span of S
equipped with the semi-norm whose unit ball is S. The ondition
⋂
t>1 tS = S
insures that S is the losed unit ball of VS . A subset S of a bornologial vetor
spae is alled irled if λ · S ⊆ S for all λ ∈ C with |λ| ≤ 1 and ⋂t>1 tS = S. The
irled hull of a bounded subset in a bornologial vetor spae is again bounded.
Hene any bornology is generated by irled bounded subsets.
A null sequene is a sequene that onverges to 0.
We write Hom(V,W ) for the spae of bounded linear maps between two born-
ologial vetor spaes and for the spae of ontinuous linear maps between two
topologial vetor spaes. These are bornologial vetor spaes with the bornolo-
gies of equibounded and equiontinuous subsets, respetively.
2. Funtorial properties of the standard bornologies
We disuss some ategory theoreti properties of the preompat and von Neu-
mann bornologies. We ompare ontinuous and bounded multilinear maps and the
topologial and bornologial ompleted tensor produts. We examine the behavior
of our bornologies for diret and inverse limits and their exatness properties.
2.1. Boundedness versus ontinuity.
Lemma 2.1. Let V be a topologial vetor spae. If V is loally onvex then
Pt(V ) and vN(V ) are onvex bornologial vetor spaes. The topologial spae V is
Hausdor if and only if Pt(V ) and vN(V ) are separated.
Let V, V1, . . . , Vn,W be topologial vetor spaes. Let f : V1 × · · · × Vn → W
be a multilinear map. We want to ompare the notions of (joint) ontinuity and
boundedness for f .
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Lemma 2.2. If f is ontinuous then Pt(f) and vN(f) are bounded. Conversely,
if the topologial vetor spaes V1, . . . , Vn are metrizable then the boundedness of
Pt(f) or vN(f) implies the ontinuity of f .
Proof. If f is ontinuous then it is evidently bounded for both bornologies.
If f fails to be ontinuous and V1, . . . , Vn are metrizable, there are null sequenes
(vj,k)k∈N in Vj suh that the sequene f(v1,k, . . . , vn,k) in W is unbounded. Sine
the points of a null sequene form a preompat set, f is bounded for neither
bornology. 
We all V bornologial (or Pt-bornologial) if a subset that absorbs all von Neu-
mann bounded (or preompat) subsets is already a neighborhood of the origin. If V
is bornologial then a family of maps V →W is equibounded for the von Neumann
bornologies if and only if it is equiontinuous. That is, there is a bornologial iso-
morphism Hom(V,W ) ∼= Hom(vN(V ), vN(W )). If V is Pt-bornologial then an op-
erator V →W is ontinuous if and only if it is bounded for the preompat bornolo-
gies. We have a bornologial isomorphism Hom(V,W ) ∼= Hom(Pt(V ), vN(W )).
However, we annot replae vN(W ) by Pt(W ), this fails already for V = C. Fur-
thermore, this disussion does not apply to multilinear maps.
The omplete projetive (topologial) tensor produt ⊗ˆπ for omplete loally
onvex topologial vetor spaes is dened by its universal property ([2℄): ontin-
uous linear maps V ⊗ˆπ W → X orrespond to jointly ontinuous bilinear maps
V ×W → X for all omplete loally onvex topologial vetor spaes X . The same
universal property denes the omplete projetive (bornologial) tensor produt ⊗ˆ
for omplete onvex bornologial vetor spaes ([3℄). The following result is proved
already in [5℄. We mention it here for the sake of ompleteness:
Theorem 2.3. The funtor Pt intertwines the omplete projetive topologial
and bornologial tensor produts for Fréhet spaes. That is, there is a natural
isomorphism Pt(V ⊗ˆπ W ) ∼= Pt(V ) ⊗ˆ Pt(W ) for all Fréhet spaes V,W .
The orresponding result for the inomplete tensor produts also holds. It
follows from Lemma 2.4 and Theorem 4.15 that Pt(V ⊗π W ) and Pt(V ) ⊗ Pt(W )
are both bornologial subspaes of the ompleted tensor produt.
2.2. Diret and inverse limits and exatness. Category theory denes
inverse and diret limits of diagrams in a ategory. Speial ases of inverse limits
are diret produts and kernels of maps. Arbitrary inverse limits in additive ate-
gories are built out of these speial ases: the inverse limit of an arbitrary diagram
is the kernel of a map between diret produts. Speial ases of diret limits are
diret sums and okernels of maps. Arbitrary diret limits are onstruted as the
okernel of a map between diret sums.
Lemma 2.4. The funtors Pt and vN ommute with arbitrary inverse limits
and with diret sums.
Proof. It sues to prove that the funtors ommute with diret produts
and diret sums and preserve kernels of linear maps. The latter means that if
V ⊆W is a subspae with the subspae topology then Pt(V ) and vN(V ) arry the
subspae bornologies on V from Pt(W ) and vN(W ). This assertion is trivial. The
assertions about diret produts and diret sums are easy. 
An LF-spae is a topologial vetor spae whih an be written as a diret limit
of a ountable strit indutive system of Fréhet spaes. Well-known assertions
about bounded subsets of LF-spaes (see [9℄) amount to the statement that
Pt(lim−→Vn) ∼= lim−→Pt(Vn), vN(lim−→Vn) ∼= lim−→ vN(Vn),
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if (Vn)n∈N is a strit indutive system of Fréhet spaes or LF-spaes.
Neither Pt nor vN ommute with diret limits, in general, beause they do
not preserve okernels. Let f : V → W be a ontinuous linear map between two
topologial vetor spaes. The quotient bornology on vN(W )/f(V ) onsists of
all images of von Neumann bounded subsets of W . It is lear that suh subsets
are von Neumann bounded in W/f(V ). The onverse need not hold, that is, it
may be impossible to lift von Neumann bounded subsets of W/f(V ) to W . The
orresponding assertion for the preompat bornology is sometimes true:
Theorem 2.5. Let W be a omplete metrizable topologial vetor spae and let
V ⊆W be a losed subspae. Then the preompat bornology onW/V is the quotient
bornology on Pt(W )/Pt(V ). A diagram K → E → Q of omplete metrizable
topologial vetor spaes is an extension of topologial vetor spaes if and only if
Pt(K)→ Pt(E)→ Pt(Q) is an extension of bornologial vetor spaes.
Proof. Sine W is omplete, the quotient W/V is also omplete. Hene any
preompat subset is ontained in a ompat subset, so that it sues to lift om-
pat subsets. Metrizability allows to do this, see [9, Lemma 45.1℄.
A diagram K
i→ E p→ Q in an additive ategory is an extension if K ∼= ker p
and Q ∼= coker i. In the topologial vetor spae setting, this means that i is a
topologial isomorphism onto the subspae i(K) ⊆ E with the subspae topology
and that the indued map E/i(K) → Q is a topologial isomorphism with the
quotient topology on E/i(K). A similar desription is available for bornologial
vetor spaes. Suppose rst that K ֌ E ։ Q is an extension of topologial vetor
spaes. Sine Pt preserves kernels, we have ker(Pt(p)) = Pt(K). Sine the quotient
spae Q is separated, the subspae i(K) is losed. Hene the rst assertion of
the theorem yields coker(Pt(i)) = Pt(Q). Thus Pt(K) → Pt(E) → Pt(Q) is an
extension. Conversely, suppose Pt(K)→ Pt(E)→ Pt(Q) to be an extension. Sine
the points of a null sequene form a preompat set, this implies that any sequene
inK that is a null sequene in E is at least bounded inK and that any null sequene
in Q an be lifted to a bounded sequene in E. Moreover, K ֌ E ։ Q is exat
as a sequene of vetor spaes. Using metrizability we an dedue from these fats
that K ֌ E ։ Q is a topologial extension. 
Theorem 2.5 and Lemma 2.2 imply that the funtor Pt restrited to omplete
metrizable topologial vetor spaes is fully faithful and fully exat.
3. Convergene, ontinuity and smoothness of funtions
We dene Cauhy and onvergent sequenes and ontinuous funtions in born-
ologial vetor spaes. The appropriate onepts of ontinuity are uniform and lo-
ally uniform ontinuity. Thus we only onsider funtions that are dened on metri
spaes. We allow inomplete spaes beause we want to treat Cauhy sequenes
as uniformly ontinuous funtions. These onepts are loal in the sense explained
in Setion 1. Hene they an be desribed easily for separated onvex bornologial
vetor spaes. A sequene in V onverges or is Cauhy if and only if it onverges or
is Cauhy in the usual sense in the normed spae VT for some bounded disk T . A
funtion into V is loally uniformly ontinuous if and only if it is loally uniformly
ontinuous as a funtion into the normed spae VT for some bounded disk T .
The main result of this setion is Theorem 3.7, whih asserts that the topologial
and bornologial versions of loally uniform ontinuity are equivalent for metrizable
topologial vetor spaes, both for the preompat and the von Neumann bornology.
This ontains the orresponding assertions about onvergent sequenes and Cauhy
sequenes as speial ases.
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We an also dene k times ontinuously dierentiable funtions and smooth
funtions from smooth manifolds into separated onvex bornologial vetor spaes
by loality. We desribe these funtion spaes as subspaes of spaes of ontin-
uous funtions. Hene Theorem 3.7 implies analogous statements about k times
ontinuously dierentiable and smooth funtions.
We then show that the ne bornologial topology assoiated to the preompat
or the von Neumann bornology on a metrizable topologial vetor spae V is equal
to the given topology. We show that these bornologies are omplete if and only
if V is omplete. All these results are easy onsequenes of Theorem 3.7.
3.1. Bornologial onvergene, ontinuity and dierentiability.
Definition 3.1. Let V be a bornologial vetor spae, let (xn)n∈N be a se-
quene in V and let x∞ ∈ V . We say that (xn) onverges to x∞ if there exist
a irled bounded subset S ⊆ V and a null sequene of positive salars ǫ = (ǫn)
suh that xn ∈ S for all n ∈ N ∪ {∞} and xn − x∞ ∈ ǫn S for all n ∈ N. We
all (xn) a Cauhy sequene if there are S and ǫ as above suh that xn ∈ S and
xn − xm ∈ ǫm S for all n,m ∈ N with n ≥ m. If we want to speify S or (S, ǫ) we
speak of S-onvergent and S-Cauhy sequenes and of (S, ǫ)-onvergent and (S, ǫ)-
Cauhy sequenes.
If S is even a bounded disk then S arries a metri from the norm on VS . By
denition, S-Cauhy sequenes and S-onvergent sequenes are nothing but Cauhy
sequenes and onvergent sequenes in the metri spae S.
Definition 3.2. A funtion f : X → Y between two metri spaes is alled
uniformly ontinuous if for all ǫ > 0 there is δ > 0 suh that dY (f(x), f(y)) < ǫ
for all x, y ∈ X with dX(x, y) < δ. It is alled loally uniformly ontinuous if its
restrition to any ball of nite radius is uniformly ontinuous.
A funtion w : X × X → R+ is alled a ontinuity estimator if it is loally
uniformly ontinuous and satises w(x, x) = 0 for all x ∈ X .
A metri spae (X, d) is alled loally preompat if all bounded subsets are
preompat (that is, totally bounded).
Definition 3.3. Let V be a bornologial vetor spae, (X, d) a metri spae
and f : X → V a funtion. We all f loally uniformly ontinuous if there are a
irled bounded subset T ⊆ V and a ontinuity estimator w : X × X → R+ suh
that f(x)− f(y) ∈ w(x, y) · T for all x, y ∈ X . If we want to speify T or (T,w) we
all f loally T -uniformly ontinuous or loally (T,w)-uniformly ontinuous.
We let C(X,V ) be the spae of loally uniformly ontinuous funtions X → V .
Let ξ ∈ X . A subset S ⊆ C(X,V ) is alled loally uniformly ontinuous if there
exist (T,w) as above suh that all f ∈ S are loally (T,w)-uniformly ontinuous
and satisfy f(ξ) ∈ T . We all S loally uniformly bounded if there is T ⊆ V as
above that absorbs f(Y ) for eah bounded subset Y ⊆ X .
The loally uniformly ontinuous subsets of C(X,V ) and the loally uniformly
bounded subsets both form vetor bornologies on C(X,V ). We all them the
bornologies of loally uniform ontinuity and loally uniform boundedness, respe-
tively. We shall see that the rst ombines well with preompat bornologies,
whereas the latter ombines well with von Neumann bornologies. Therefore, we
prefer the bornology of loally uniform ontinuity.
If the metri spae X is bounded then we may drop the qualier loally and
speak of uniformly ontinuous funtions beause loally uniformly ontinuous fun-
tions between preompat metri spaes are automatially uniformly ontinuous.
For the same reason, we may drop the qualier loally uniformly and speak of
ontinuous funtions if X is loally ompat. Let X be a seond ountable loally
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ompat spae. A metri on X is alled proper if all bounded subsets are ompat.
We equip X with any proper metri that denes its topology. The spae C(X,V )
of ontinuous funtions X → V does not depend on the hoie of the metri.
Remark 3.4. Let N = N ∪ {∞} be the one-point-ompatiation of N. Then
a sequene (xn) onverges towards x∞ if and only if the funtion N ∋ n 7→ xn is
ontinuous. Equip N ⊆ N with the indued metri. Then N is loally preompat,
its ompletion is N. A sequene (xn) is a Cauhy sequene if and only if the funtion
N ∋ n 7→ xn is uniformly ontinuous. Thus C(N, V ) and C(N, V ) are the spaes of
Cauhy sequenes and of onvergent sequenes in V , respetively. The bornologies
of loally uniform ontinuity onsist of the (S, ǫ)-Cauhy and (S, ǫ)-onvergent sets
of sequenes, respetively.
Lemma 3.5. Let (Vi) be an indutive system of bornologial vetor spaes with
injetive struture maps and let V := lim−→Vi be its diret union. Equip all funtion
spaes with the bornologies of loally uniform ontinuity or boundedness. The spaes
C(X,Vi) form an indutive system with injetive struture maps, and C(X,V ) =
lim−→C(X,Vi). That is, the funtor C(X, xy) is loal in the sense that it ommutes
with diret unions.
Proof. Trivial. 
As a result, if V is a onvex bornologial vetor spae then C(X,V ) is the diret
union of the spaes C(X,VT ) for the bounded disks T ⊆ V . The spae C(X,VT )
onsists exatly of the loally uniformly ontinuous funtions between the metri
spaes X and VT .
Remark 3.6. There is also a notion of loality with respet to the variable X .
Let (Uα) be an open overing of the spae X suh that eah bounded subset of X
is overed already by nitely many Uα. We may expet that a funtion f for
whih f |Uα is loally uniformly ontinuous for all α is already loally uniformly
ontinuous. However, this fails with the denition above, so that our notion of
ontinuity is not loal in the variable X . For instane, if N is given the disrete
metri d(n,m) := |n−m| then a funtion f : X → V is loally uniformly ontinuous
if and only if f(X) ⊆ C · T for some irled bounded subset T ⊆ V . If loally
uniform ontinuity were loal in X then any funtion N → V would have to be
loally uniformly ontinuous. However, this is inompatible with loality in the
variable V . It is easy to modify the notion of loally uniform ontinuity so as to get
a notion that is loal in the variable X but not in V . Fix ξ ∈ X and let Bn(ξ) ⊆ X
be the set of all x ∈ X with d(x, ξ) ≤ n. Dene
C˜(X,V ) := lim←−C(Bn(ξ), V ).
The bornologies of loally uniform ontinuity and boundedness on C(Bn(ξ), V ) yield
orresponding bornologies on C˜(X,V ). It depends on the situation whether C(X,V )
or C˜(X,V ) is more suitable. For instane, one should use C˜ to dene ontinuous
group representations. The spae that is alled E(G, V ) in [6℄ is onstruted in the
same fashion. Hene we prefer to denote it by E˜(G, V ) here.
Next we onsider dierentiability. In order to reonstrut a funtion from its
derivatives we need integration, and integrals are only dened under some onvexity
hypothesis. Therefore, it is reasonable to restrit to separated onvex bornologial
vetor spaes. Let M be a seond ountable smooth manifold. For a topologial
vetor spae V we let Ck(M,V ) and E(M,V ) be the usual topologial vetor spaes
of k times ontinuously dierentiable and C∞-funtionsM → V , equipped with the
topology of uniform onvergene of derivatives up to order k (or ∞) on ompat
subsets of M . If V is a normed spae, we equip Ck(M,V ) and E(M,V ) with two
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bornologies alled the bornology of loally uniform ontinuity and boundedness.
The latter is just the von Neumann bornology. The rst is ner and ontrols,
in addition, the modulus of ontinuity of the kth derivative. We do not have
to onsider derivatives of lower order beause the modulus of ontinuity of the
jth derivative is ontrolled by the norm of the j + 1st derivative. Thus the two
bornologies on E(M,V ) oinide.
Any separated onvex bornologial vetor spae is a diret union of normed
spaes. Sine the funtors Ck(M, xy) and E(M, xy) preserve injetivity of ontinuous
linear maps, we an dene Ck(M,V ) and E(M,V ) as the diret union of the spaes
Ck(M,VT ) and E(M,VT ), respetively, where T runs through the bounded disks
in V . The spaes Ck(M,V ) and E(M,V ) are loal in the same sense as C(X,V )
(see Lemma 3.5). Sine all derivatives of a smooth funtion are ontrolled by the
same bounded disk, there is a dierene between smooth and C∞-funtions in the
bornologial ase. This distintion is quite important in [6℄ and also for loal yli
homology. As in Remark 3.6, our funtion spaes are not loal in M , but there is
a variant E˜(M,V ) that is loal in M and not in V .
Let ∞ := N with the disrete topology and let k = {0, 1, . . . , k} for k ∈ N.
The topologial spae Xk := k × TM is seond ountable and loally ompat
for all k ∈ N. Let f : M → V be k times dierentiable (or smooth for k = ∞).
Its jth derivative is a homogeneous funtion TM → V in a natural way. We
dene Xkf : Xk → V by taking the jth derivative on {j} × TM . It is possible
to haraterize the funtions XkM → V that are of the form Xkf by ertain
integral equations. This onstrution identies Ck(M,V ) and E(M,V ) with ertain
losed subspaes of C(Xk, V ), respetively. This works both for topologial and
bornologial V . The isomorphism is topologial in the rst ase and bornologial
in the latter with respet to either the bornology of loally uniform ontinuity or
the bornology of loally uniform boundedness. Thus we an redue the study of
Ck(M,V ) and E(M,V ) to the study of ontinuous funtions.
3.2. Funtion spaes for metrizable topologial vetor spaes. Let V
be a topologial vetor spae. Let f : X → V be a funtion. If f ∈ C(X,Pt(V )) then
f ∈ C(X, vN(V )), and if f ∈ C(X, vN(V )) then f ∈ C(X,V ). Moreover, a loally
uniformly bounded subset of C(X, vN(V )) is neessarily von Neumann bounded in
C(X,V ). If X is loally preompat then a loally uniformly ontinuous subset of
C(X,Pt(V )) is preompat in C(X,V ) (ompare this with the Arzelà-Asoli Theo-
rem). These assertions are straightforward to prove and need no hypothesis on V .
The onverse impliations hold for metrizable V :
Theorem 3.7. Let V be a metrizable topologial vetor spae and let X be a
metri spae. The spae vN C(X,V ) is equal to C(X, vNV ) with the bornology of
loally uniform boundedness. If X is loally preompat then Pt C(X,V ) is equal to
C(X,PtV ) with the bornology of loally uniform ontinuity.
Proof. We prove rst that a preompat subset S of C(X,V ) is loally uni-
formly ontinuous in C(X,PtV ) provided X is loally preompat. Let (Un) be a
dereasing sequene of losed irled neighborhoods of the origin dening the topol-
ogy of V . Let pn : V → R+ be the gauge funtional of Un. This is the homogeneous
ontinuous funtion with losed unit ball Un. Using that the set S is preompat
in C(X,V ) one shows that the funtion
wn(x, y) := sup {pn(f(x)− f(y)) | f ∈ S}
on X ×X is a ontinuity estimator. Fix a base point ξ ∈ X . There exist onstants
1 > δn > 0 suh that
w(x, y) := max {δnwn(x, y)1/2, δnwn(x, y) · d(x, ξ), δnwn(x, y) · d(y, ξ) | n ∈ N}
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is still a ontinuity estimator. Dene
α : S ×X ×X → V, (f, x, y) 7→
{
f(x)−f(y)
w(x,y) for x 6= y;
0 for x = y.
Let Sξ := {f(ξ) | f ∈ S} and let T := α(S×X×X)∪Sξ. Let T ◦ be the irled hull
of T . We have f(ξ) ∈ T for all f ∈ S and f(x) − f(y) ∈ w(x, y) · T for all f ∈ S,
x, y ∈ X . Thus S is loally (T ◦, w)-uniformly ontinuous. It remains to prove that T
is preompat. Then T ◦ is preompat as well. Fix n ∈ N. We must over T by
nitely many sets of the form v + Un. Sine Sξ is evidently preompat, it sues
to over α(S ×X ×X). The denition of wn implies f(x) − f(y) ∈ wn(x, y) · Un
for all f ∈ S, x, y ∈ X , so that
α(f, x, y) ∈ wn(x, y)
w(x, y)
· Un.
By denition of w, we have wn ≤ w if d(x, ξ) ≥ δ−1n or d(y, ξ) ≥ δ−1n or w(x, y) ≤ δ2n
beause wn ≤ δ−2n w2. Hene α(f, x, y) ∈ Un unless d(x, ξ), d(y, ξ) ≤ δ−1n and
w(x, y) ≥ δ2n. Let us restrit attention to the subset X ′ of triples (f, x, y) satisfying
these onditions. This is a bounded subset of S ×X ×X on whih α is uniformly
ontinuous. Sine X is loally preompat, X ′ and hene α(X ′) ⊆ V is preompat.
Thus T is preompat. Together with the remarks above the theorem this nishes
the proof that PtC(X,V ) = C(X,PtV ).
Even without the hypothesis that X be loally preompat, the same argument
shows that the set T above is von Neumann bounded. Hene C(X, vNV ) = C(X,V )
as vetor spaes for arbitrary X . It remains to prove that a von Neumann bounded
subset S of C(X,V ) is loally uniformly bounded in C(X, vNV ). By hypothesis,
Tn := {f(x) | f ∈ S, x ∈ X, d(x, ξ) ≤ n} ⊆ V
is von Neumann bounded for eah n ∈ N. The metrizability of vN(V ), whih we
prove in Setion 4.1, yields a single von Neumann bounded subset T ⊆ V that
absorbs the sets Tn. Thus S is loally uniformly bounded in C(X, vNV ). 
Sine we have haraterized onvergent sequenes, Cauhy sequenes, ontin-
uously dierentiable funtions and smooth funtions in terms of loally uniform
ontinuity, we get the following orollaries:
Corollary 3.8. Let V be a metrizable topologial vetor spae, let (xn) be a
sequene in V and let x∞ ∈ V . The following assertions are equivalent:
(i) (xn) onverges towards x∞ in the topology of V ;
(ii) (xn) onverges towards x∞ in Pt(V );
(iii) (xn) onverges towards x∞ in vN(V ).
An analogous statement holds for Cauhy sequenes.
Corollary 3.9. Let V be a separated loally onvex metrizable topologial ve-
tor spae. Let M be a seond ountable smooth manifold. The spaes vN Ck(M,V )
and Pt Ck(M,V ) are equal to Ck(M, vNV ) with the bornology of loally uniform
boundedness and Ck(M,PtV ) with the bornology of loally uniform ontinuity, re-
spetively. Analogous statements hold for smooth funtions.
The analogous assertions for the variants C˜(X,V ), E˜(M,V ), et., follow from
the results above and Lemma 2.4.
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3.3. The ne bornologial topology.
Definition 3.10 ([4℄). A subset S of a bornologial vetor spae is alled losed
if any limit of a onvergent sequene in S lies in S. The losed subsets satisfy the
axioms for a topology, whih we all the ne bornologial topology.
Thus we get a losure operation and a notion of dense subset in a bornologial
vetor spae. Bounded linear maps are ontinuous for this topology. A quotient
spae W/V is separated if and only if V ⊆ W is losed ([4℄). However, the ne
bornologial topology may be quite pathologial: the addition need not be jointly
ontinuous.
Proposition 3.11. Let V be a metrizable topologial vetor spae. Then the
ne bornologial topologies on Pt(V ) and vN(V ) are equal to the given topology.
Proof. A subset of V is losed if and only if it is sequentially losed. Hene
the assertion follows from Corollary 3.8. 
Remark 3.12. The ne bornologial topology on vN(V ) is ner than the given
topology in general. There may even be bornologially losed linear subspaes that
are not topologially losed. Consider, for instane, the produt V :=
∏
i∈I C,
where I is an unountable set. We equip V with the produt topology and bornol-
ogy. We think of elements of V as funtions I → C. Let Vc ⊆ V be the set of all
funtions with ountable support. This linear subspae is sequentially losed and
hene bornologially losed. However, Vc is dense in V . The quotient spae V/Vc
is a omplete onvex bornologial vetor spae on whih there exist no bounded
linear funtionals. Any bounded linear funtional on V/Vc is a ontinuous linear
funtional on V that vanishes on Vc and hene everywhere.
3.4. Completeness. Reall that we identied the spaes of onvergent se-
quenes and Cauhy sequenes with C(N, V ) and C(N, V ), respetively. Equip both
sequene spaes with the bornology of uniform ontinuity.
Definition and Lemma 3.13. Let V be a separated bornologial vetor spae.
Then the following onditions are equivalent:
(i) the map C(N, V )→ C(N, V ) is a bornologial isomorphism;
(ii) for any irled bounded subset S ⊆ V and any sequene of positive salars ǫ,
there exist a irled bounded subset T ⊆ V and a sequene of positive salars δ
suh that any (S, ǫ)-Cauhy sequene is (T, δ)-onvergent;
(iii) for any irled bounded subset S there is a irled bounded subset T suh that
any S-Cauhy sequene is T -onvergent;
(iv) any Cauhy sequene in V onverges and for any irled bounded subset S ⊆ V
the set of limit points of S-Cauhy sequenes is again bounded.
We all V omplete if it satises these equivalent onditions.
Proof. Condition (ii) just makes expliit the meaning of (i), so that (i) ⇐⇒
(ii). We show (ii)=⇒(iii). Fix S and ǫ and nd T and δ as in (ii). Let (xn) be
S-Cauhy. Then a subsequene of (xn) is (S, ǫ)-Cauhy and hene (T, δ)-onvergent.
Therefore, (xn) itself is (S + T, ǫ + δ)-onvergent. Thus (iii) holds. The implia-
tion (iii)=⇒(iv) is trivial. We show (iv)=⇒(ii). This nishes the proof. Given S
and ǫ, let T be the set of all limit points of S-Cauhy sequenes. This set is again
irled and bounded. Let (xn) be (S, ǫ)-Cauhy. Let x∞ be its limit, whih exists
by (iv). For any m ∈ N we have ǫ−1m (xm+n − xm) ∈ S. This sequene is in fat
(S, ǫm+n/ǫm)-Cauhy. Hene its limit lies in T . This means that x∞ − xm ∈ ǫmT .
Thus (xm) is (T, ǫ)-onvergent. 
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It is lear that ompleteness is loal, that is, hereditary for diret unions. It
is also hereditary for arbitrary inverse limits beause losed subspaes and diret
produts of omplete spaes are again omplete.
A disk T in a bornologial vetor spae V is alled omplete if VT is a Banah
spae. Equivalently, T with the metri from VT is a omplete metri spae. If T
is omplete then the limit of any T -Cauhy sequene is ontained in T again. If V
is omplete then the set of all limit points of T -Cauhy sequenes is a omplete
bounded disk. Therefore, a onvex bornologial vetor spae is omplete if and
only if any bounded subset is ontained in a omplete bounded disk. This is how
Henri Hogbe-Nlend denes ompleteness in [3℄.
Proposition 3.14. Let V be a omplete bornologial vetor spae, let (X, d)
be a metri spae and let (X¯, d¯) be its ompletion. Let f : X → V be a loally
uniformly ontinuous funtion. Then f has a unique extension to a loally uniformly
ontinuous funtion X¯ → V . This gives a bornologial isomorphism C(X,V ) ∼=
C(X¯, V ) for the bornologies of loally uniform ontinuity and boundedness.
Proof. Any x ∈ X¯ is the limit of a Cauhy sequene (xn) in X . By uniform
ontinuity f(xn) is a Cauhy sequene in V . It has a unique limit beause V is
omplete. We dene f¯(x) := lim f(xn). This does not depend on the hoie of
the sequene (xn) beause any two sequenes onverging to x are subsequenes
of a single onvergent sequene. We have to hek that f¯ is loally uniformly
ontinuous. Let f be loally (S,w)-uniformly ontinuous. We an extend w to a
ontinuity estimator w¯ on X¯. The set S′ of all limit points of S-Cauhy sequenes
is again bounded. So is the set S′′ of all limit points of S′-Cauhy sequenes. As
in the proof of Lemma 3.13 one shows rst that f(x)− f¯(y) ∈ w¯(x, y) ·S′ if x ∈ X ,
y ∈ X¯ and then f¯(x) − f¯(y) ∈ w¯(x, y) · S′′ for all x, y ∈ X¯. Thus f¯ is loally
(S′′, w¯)-uniformly ontinuous. This shows that C(X,V ) ∼= C(X¯, V ). It is lear that
this isomorphism is ompatible with both standard bornologies. 
The following result shows that bornologial ompleteness is weaker than topo-
logial ompleteness.
Proposition 3.15. Let V be a Hausdor topologial vetor spae equipped
with the von Neumann or the preompat bornology. Suppose that any bornolog-
ial Cauhy sequene in V is topologially onvergent. Then V is bornologially
omplete.
Proof. Let S ⊆ V be irled and bounded. Then the losure S¯ of S is bounded
as well. Sine any bornologially onvergent sequene is topologially onvergent,
its limit point lies in S¯. Hene V satises ondition (iv) of Denition 3.13. 
Theorem 3.16. Let V be a metrizable topologial vetor spae. Then the fol-
lowing are equivalent:
(i) V is omplete as a topologial vetor spae;
(ii) Pt(V ) is bornologially omplete;
(iii) vN(V ) is bornologially omplete.
Proof. We may assume V to be Hausdor. The spae V is omplete if and
only if eah Cauhy sequene in V onverges. The same is true for Pt(V ) and
vN(V ) by Proposition 3.15. Hene the assertion follows from Corollary 3.8. 
4. Some appliations of bornologial metrizability
Metrizability is a global property of a bornologial vetor spae that enodes
some properties of the preompat and the von Neumann bornologies of metrizable
topologial vetor spaes. It is a very useful tool in bornologial analysis. Some
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appliations of metrizability an be found in [6℄. We already used it in the proof
of Theorem 3.7. The loal version of metrizability is a very weak property beause
any onvex bornologial vetor spae is loally metrizable. Sine we mainly onsider
onvex bornologies in appliations, this onept may not seem very useful. Never-
theless, we take the time to prove the following struture theorem: a bornologial
vetor spae is loally metrizable if and only if it is a diret union of metrizable
topologial vetor spaes with the von Neumann bornology. Loal density is the
orret notion of density in onnetion with approximation problems suh as those
in Setion 6. We use metrizability and loal separability to show that a subset of
a metrizable topologial vetor spae is loally dense with respet to the preom-
pat bornology if and only if it is topologially dense. The same holds for the von
Neumann bornology under a mild additional hypothesis.
The ompletion V c of a bornologial vetor spae V is dened by a universal
property. Let V be a metrizable topologial vetor spae with ompletion V¯ . We
identify the ompletion of Pt(V ) with Pt(V¯ ). The same holds for the von Neumann
bornology under a mild additional hypothesis. Even for onvex V the natural map
V → V c need not be injetive. This means that maps dened on bounded subsets
of V need not extend to V c. Therefore, we must be very areful with ompletions
when we onsider apples in Setion 6. Here we avoid suh problems by requiring
our algebras to be omplete. However, to dene loal yli homology we must pass
to analyti tensor algebras and nonommutative dierential forms, so that we must
omplete tensor produts. A bornologial vetor spae is alled subomplete if the
map V → V c is a bornologial embedding with loally dense range. This is the ase
where ompletions are harmless. We show that loally separable, bornologially
metrizable topologial vetor spaes are subomplete.
4.1. Metrizability and loal metrizability.
Definition 4.1. A bornologial vetor spae is (bornologially) metrizable if
for any sequene (Sn)n∈N of bounded subsets there is a sequene of positive salars
(ǫn)n∈N suh that ∑
ǫn Sn :=
⋃
N∈N
N∑
n=1
ǫn Sn
is bounded as well. It is alled loally metrizable if this ondition holds for the
onstant sequene Sn = S for any bounded subset S.
Lemma 4.2. Let V be a metrizable bornologial vetor spae. Then V is om-
plete if and only if it satises the following strengthening of the metrizability on-
dition: for any sequenes (Sn)n∈N of bounded subsets there is a sequene of positive
salars (ǫn)n∈N suh that the innite series
∑
n∈N λnxn onverge, where λn ∈ C
with |λn| ≤ ǫn, xn ∈ Sn, and these innite sums form a bounded subset of V . We
denote this bounded subset by
∑∞ ǫn Sn.
An analogous statement holds for loally metrizable bornologial vetor spaes.
Proof. Suppose that V is omplete and let (Sn) be a sequene of irled
bounded subsets. We an hoose (ǫn) suh that T :=
∑
ǫn · n · Sn is bounded.
This insures that the innite series
∑
n∈N λnxn in the statement of the lemma
are T -Cauhy. Completeness yields that they are U -onvergent for some bounded
subset U . Therefore,
∑∞
ǫn Sn is bounded.
Suppose onversely that V satises the strengthening of the loal metrizability
ondition. Fix a bounded set S. Then there is a sequene of salars (ǫn) suh
that T :=
∑∞
ǫn S is well-dened and bounded. We laim that any S-Cauhy
sequene (yn) onverges towards an element of T . This implies that V is omplete.
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We an nd a subsequene (yn(k)) suh that yn(k) − yn(k−1) ∈ ǫk S for all k ∈ N.
The laim now follows from yn(k) =
∑k
j=0 yn(j) − yn(j−1). 
Theorem 4.3. Let V be a metrizable topologial vetor spae. Then Pt(V ) and
vN(V ) are bornologially metrizable.
Proof. Let (Sn)n∈N be a sequene of preompat or bounded subsets. Let (Un)
be a dereasing sequene of losed neighborhoods of the origin that denes the topol-
ogy of V . We may assume that Un+1 + Un+1 ⊆ Un for all n ∈ N. Choose ǫn > 0
suh that ǫn Sn ⊆ Un. This implies
∑M
n=m+1 ǫn Sn ⊆
∑M
n=m+1 Un ⊆ Um, using
repeatedly that Un + Un ⊆ Un−1. Hene
∑
ǫn Sn ⊆
∑
n≤m ǫn Sn + Um. The set∑
n≤m ǫn Sn is preompat or bounded if the sets Sn are. Therefore,
∑
ǫn Sn is
preompat or bounded, respetively. 
Any onvex bornologial vetor spae is loally metrizable beause
∑
ǫn S is
ontained in the disked hull of S one
∑|ǫn| ≤ 1. Thus loal metrizability is a very
weak ondition.
Theorem 4.4. A bornologial vetor spae is loally metrizable if and only if
it is a diret union of metrizable topologial vetor spaes equipped with the von
Neumann bornology. Analogous statements hold for separated or omplete loally
metrizable spaes: they are diret unions of spaes of the form vN(W ) for separated
or omplete metrizable topologial vetor spaes W .
Proof. Loal metrizability is evidently hereditary for diret unions and vN(V )
is loally metrizable if V is a metrizable topologial vetor spae. Therefore, di-
ret unions of metrizable topologial vetor spaes are loally metrizable. For the
onverse impliation we begin with some abstrat nonsense whih requires no hy-
pothesis on V and whih is useful in many similar situations.
Let I be the set of all injetive bounded maps f : vN(W ) → V where W is
a metrizable topologial vetor spae. We say f ≤ f ′ if f = f ′ ◦ vN(i) for some
ontinuous linear map i : W → W ′, whih is neessarily injetive. This is a partial
order on I. We laim that I is direted. That is, for any f, f ′ ∈ I there exists g ∈ I
with f ≤ g and f ′ ≤ g. We an obtain g from the map
(f, f ′) : vN(W )⊕ vN(W ′) = vN(W ⊕W ′)→ V
by dividing out the kernel of (f, f ′). Observe that this quotient of a metrizable spae
is again metrizable. The spaes vN(W ) form an indutive system indexed by I with
injetive struture maps. Hene we an form its diret union lim−→ vN(W ). The maps
f : vN(W )→ V give rise to an injetive bounded linear map lim−→ vN(W )→ V . The
problem is whether this map is a bornologial isomorphism. We have to show that
eah bounded subset S ⊆ V is the image of a bounded subset of vN(W ) for some
f ∈ I. We onstrut a metrizable topologial vetor spae W , a von Neumann
bounded subset T ⊆ W and a bounded linear map f : vN(W ) → V suh that
S = f(T ). Dividing out the kernel of f we obtain an element of I.
We let W be the vetor spae of funtions h : S → C with nite support and
f(h) :=
∑
x∈S h(x)x. Let T ⊆ W be the set of all harateristi funtions of
singletons {x} ⊆ W . Then f(T ) = S. We have to equip W with a metrizable
topology. Sine V is loally metrizable, there is a sequene of positive salars
ǫ = (ǫn) suh that
∑
ǫn S is bounded. We may assume lim ǫn = 0 and that ǫ
dereases monotonially. Let ǫ(0) := ǫ. We dene the derived sequenes ǫ(n) for
n ≥ 1 reursively by ǫ(n)j := max {ǫ(n−1)2j , ǫ(n−1)2j+1 }. Order the points x1, . . . , xn in
supph for h ∈ W so that the sequene h∗j := |h(xj)| is dereasing and let h∗j = 0
for j > n. Let U (n) := {h ∈ W | h∗ ≤ ǫ(n)}. Sine ǫ(n)j > 0 for all j ∈ N, these
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are absorbing irled subsets of W . The sequenes ǫ(n) are onstruted so that we
have U (n) + U (n) ⊆ 2U (n−1). Hene the sets (U (n)/n)n∈N form the neighborhood
basis for a metrizable vetor spae topology on W . The map f is bounded for
this topology beause even f(U (0)) is bounded. The set T is learly von Neumann
bounded. Hene we have onstruted the required map.
A similar onstrution yields the ner results for separated and omplete loally
metrizable spaes. 
4.2. Loally dense subsets and loal separability. Let V be a bornolog-
ial vetor spae.
Definition 4.5. A subset X ⊆ V is loally dense if for any irled bounded
subset S ⊆ V there is a irled bounded subset T ⊆ V suh that any v ∈ S is the
limit of a T -onvergent sequene with entries in X ∩ T .
A subset X ⊆ V is sequentially dense if any v ∈ V is the limit of a onvergent
sequene with entries in X .
In general, loal density is a stronger requirement than sequential density and
the latter is stronger than density with respet to the ne bornologial topology.
Definition 4.6. We all V loally separable if for any bounded subset S ⊆ V
there is a ountable subset A ⊆ S and a irled bounded subset T ⊆ V ontaining S
suh that any point of S is the limit of a T -onvergent sequene with entries in A.
Proposition 4.7. Let V be a metrizable topologial vetor spae. The preom-
pat bornology on V is always loally separable. If V is separable then vN(V ) is
loally separable.
Proof. Equip V with a metri that denes its topology and restrit it to
a irled bounded subset S ⊆ V . Thus S is a bounded metri spae and the
embedding S → V is uniformly ontinuous. If S is preompat, then it ontains
a dense sequene by preompatness. The same holds for bounded S provided V
is separable. By Theorem 3.7 the map S → V is even T -uniformly ontinuous for
some preompat or von Neumann bounded irled subset T ⊆ V , depending on
whether S is preompat or not. Thus Cauhy sequenes in the metri spae S
are mapped to T -Cauhy sequenes. Let T¯ be the losure of T . The proof of
Proposition 3.15 shows that any onvergent T -Cauhy sequene is T¯ -onvergent.
Sine S ontains a dense sequene, it follows that V is loally separable. 
Proposition 4.8. A bornologial vetor spae is loally separable and loally
metrizable if and only if it is a diret union of separable metrizable topologial vetor
spaes with the von Neumann bornology.
Proof. Sine loal metrizability and loal separability are loal properties,
Theorem 4.3 and Proposition 4.7 imply that diret unions of separable metrizable
topologial vetor spaes with the von Neumann bornology are loally metrizable
and loally separable. Conversely, let V be loally metrizable and loally separable.
For any irled bounded subset S ⊆ V there is a irled bounded subset T ⊆ V and
a ountable subset A ⊆ S suh that any point of S is the limit of a T -onvergent
sequene in A. Sine V is loally metrizable, there is a metrizable topologial
vetor spae W and an injetive bounded linear map f : vN(W ) → V suh that
f−1(T ) and f−1(S) are von Neumann bounded subsets of W . The losed linear
span W ′ of A in W is a separable, metrizable topologial vetor spae. Sine
T -onvergent sequenes are onvergent in W , the set f−1(S) is a bounded subset
of W ′. The assertion now follows from the abstrat nonsense part of the proof of
Theorem 4.4. 
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Similarly, a bornologial vetor spae is separated, onvex and loally separable
if and only if it is a diret union of separable normed spaes, and omplete, onvex
and loally separable if and only if it is a diret union of separable Banah spaes.
Theorem 4.9. Let V be a metrizable, loally separable bornologial vetor spae.
Then a subset X ⊆ V is loally dense if and only if it is sequentially dense.
Proof. It is lear that loally dense subsets are sequentially dense. Suppose
onversely that X is sequentially dense. Let S ⊆ V be a irled bounded subset.
Sine V is loally separable, there are a ountable subset A ⊆ S and a irled
bounded subset S′ suh that any s ∈ S is the limit of an S′-onvergent sequene
in A. Sine X is sequentially dense, any v ∈ A is the limit of a sequene (xv,m)m∈N
in X . This sequene is Tv-onvergent for some irled bounded subset Tv. By
bornologial metrizability we an nd a irled bounded subset T that ontains
2S′ and absorbs the sets Tv for all v ∈ A. Reparametrizing the sequenes (xv,m),
we ahieve that they are all (T, 1/n)-onvergent towards v. Write s ∈ A as the limit
of a T -onvergent sequene (vn) in A. Then the sequene (xvn,n) is a sequene in X
that is T + T -onvergent towards s. Thus X is loally dense in V . 
Theorem 4.10. Let V be a metrizable topologial vetor spae and let X ⊆ V
be a subset. Then the following assertions are equivalent:
(i) X is loally dense in Pt(V );
(ii) X is dense in V with respet to the given metrizable topology;
(iii) X is dense in Pt(V );
(iv) X is dense in vN(V ).
If vN(V ) is loally separable or if V is a normed spae then these onditions are
also equivalent to X being loally dense in vN(V ).
Proof. Proposition 3.11 yields the equivalene of (ii)(iv). Loal density ev-
idently implies density. If X is dense then it is sequentially dense for Pt(V ) or
vN(V ) by Corollary 3.8. Hene Theorem 4.9 implies that X is loally dense in
Pt(V ) and loally dense in vN(V ) if the latter bornology is loally separable. Here
we also used Theorem 4.3 and Proposition 4.7. If V is a normed spae then density
and sequential density in vN(V ) are equivalent for trivial reasons. 
4.3. Completions and subomplete spaes. Let V be a bornologial ve-
tor spae. Its ompletion is a omplete bornologial vetor spae V c together with
a natural map i : V → V c suh that omposition with i indues an isomorphism
Hom(V c,W ) ∼= Hom(V,W ) for all omplete bornologial vetor spaes W . This
universal property determines V c uniquely up to isomorphism. Henri Hogbe-Nlend
onstruts ompletions for onvex bornologial vetor spaes in [3℄. An abstrat
nonsense argument that uses that ompleteness is hereditary for produts shows
that ompletions exist for arbitrary V . We omit this argument beause we are
only interested in the speial ase of subomplete spaes, where we onstrut the
ompletion expliitly.
Definition 4.11. A bornologial vetor spae V is alled subomplete if the
map V → V c is a bornologial embedding with loally dense range.
Proposition 4.12. Let i : V → W be a bornologial embedding with loally
dense range. Then V c ∼= W c. Suppose that W is separated and that for any irled
bounded subset S ⊆ V there is a irled bounded subset T ⊆ W suh that i maps
S-Cauhy sequenes to onvergent sequenes with limit in T . Then V c ∼=W .
Proof. We view V ⊆ W and drop i from our notation. We laim that any
bounded map f : V → X into a omplete bornologial vetor spae X extends
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uniquely to a bounded map f¯ : W → X . By the universal property of the ompletion
this is equivalent to V c ∼= W c. Loal density yields that for any bounded subset
S ⊆ W there is a irled bounded subset T ⊆ W suh that any point in S is the
limit of a T -onvergent sequene in W with entries in V . Let T ′ := (T + T ) ∩ V .
This is a bounded subset of V beause V ⊆ W is a bornologial embedding. A
T -onvergent sequene with entries in V is T ′-Cauhy. Thus any w ∈ S is the limit
of a T ′-Cauhy sequene (vn). The sequene f(vn) is an f(T
′)-Cauhy sequene
in X . We dene f¯(w) := lim f(vn). This is well-dened beause X is separated.
The map f¯ : W → X is bounded and is the only bounded map extending f . Thus
V c ∼=W c.
Let (xn) be an (S, ǫ)-Cauhy sequene for some sequene ǫ. Then we an
nd x′n ∈ T ∩ V with xn − x′n ∈ ǫn T . Thus (xn) onverges if and only if (x′n)
onverges, and both sequenes have the same limit. Sine V ⊆W is a bornologial
embedding, the Cauhy ondition on (xn) implies that (x
′
n) is a U -Cauhy sequene
for some irled bounded subset U ⊆ V . We suppose that suh Cauhy sequenes
onverge in W and that their limits form a bounded subset. Thus W is omplete
and V c ∼= W ∼=W c. 
Theorem 4.13. Let V be a metrizable topologial vetor spae and let V¯ be
its ompletion as a topologial vetor spae. Then (PtV )
c ∼= Pt(V¯ ). Thus V is
subomplete. The orresponding assertion for the von Neumann bornology holds
if V is a normed spae or if vN(V ) is loally separable.
Proof. Theorem 3.16 asserts that Pt(V¯ ) is omplete. Hene the theorem
follows from Theorem 4.10 and Proposition 4.12. 
We want to onstrut the ompletion using the same reipe as for metrizable
topologial vetor spaes. This works at least for subomplete bornologial vetor
spaes. Reall that C(N, V ) and C(N, V ) are the spaes of onvergent and Cauhy
sequenes, respetively. Let C0(N, V ) ⊆ C(N, V ) be the bornologial subspae of
null sequenes. Let i : V → C(N, V ) send v ∈ V to the orresponding onstant
sequene. Thus C(N, V ) ∼= C0(N, V )⊕ V . Let
V¯ := C(N, V )/C0(N, V ),
equipped with the quotient bornology and the map i∗ : V → V¯ indued by i.
Proposition 4.14. The following assertions are equivalent for a bornologial
vetor spae V :
(i) V is subomplete;
(ii) there exists a bornologial embedding V →W in a omplete bornologial vetor
spae W ;
(iii) the map C(N, V )→ C(N, V ) is a bornologial embedding;
(iv) for any irled bounded subset S ⊆ V there is a irled bounded subset T ⊆ V
suh that any S-Cauhy sequene that onverges in V is already T -onvergent;
(v) for any irled bounded subset S ⊆ V the set of all limit points of onvergent
S-Cauhy sequenes is bounded.
If V satises these equivalent onditions then V c ∼= V¯ .
Proof. The impliation (i)=⇒(ii) is trivial. The funtors C(N, xy) and C(N, xy)
learly preserve bornologial embeddings. Thus (ii) implies (iii). The same argu-
ments as in the proof of Lemma 3.13 show that (iii)(v) are equivalent. Suppose (iii).
We laim that the map V → V¯ satises the hypotheses of Proposition 4.12, so that
V c ∼= V¯ and V is subomplete. Thus the proof of the laim will nish the proof of
the proposition.
BORNOLOGICAL VERSUS TOPOLOGICAL ANALYSIS IN METRIZABLE SPACES 17
To hek that V¯ is separated, we have to show that C0(N, V ) is losed in C(N, V ).
Sine C0(N, V ) is a bornologial subspae, it sues to show that if (xn) is a Cauhy
sequene in C0(N, V ) that onverges in C(N, V ) towards x∞, then x∞ ∈ C0(N, V )
as well. Write xn = (xn,m)m∈N, then x∞,m = limn→∞ xn,m for all m ∈ N. The
Cauhy ondition for the sequene (xn)n∈N easily implies x∞ ∈ C0(N, V ). The map
V → V¯ is a bornologial embedding beause V ∼= C(N, V )/C0(N, V ) and C(N, V )
embeds in C(N, V ). Let S ⊆ V be a irled bounded subset and let ǫ be a null
sequene of positive salars. Let x = (xn) be an (S, ǫ)-Cauhy sequene in V .
Then i(xm), m ∈ N, is a sequene in V¯ that onverges towards [x]. To prove this,
onsider the sequenes x
(m)
n := xn for n ≤ m and x(m)n = xm for n ≥ m. We have
x(m) − i(xm) ∈ C0(N, V ), and x(m) is (T,
√
ǫ)-onvergent to x, where T ⊆ C(N, V )
is the set of (S,
√
ǫ)-Cauhy sequenes. Therefore, i(V ) is loally dense in V¯ and
Cauhy sequenes in V beome onvergent in V¯ in a ontrolled fashion. Thus
V → V¯ satises the hypotheses of Proposition 4.12. 
Proposition 3.15 and Lemma 2.4 imply that Pt(V ) and vN(V ) satisfy ondi-
tion (ii) of Proposition 4.14 and hene are subomplete for any topologial vetor
spae V .
Theorem 4.15. A bornologial vetor spae is subomplete if it is bornologially
metrizable and loally separable.
Proof. Let V be metrizable and loally separable. Proposition 4.8 allows us to
write V as a diret union of an indutive system of separable metrizable topologial
vetor spaes (Vi)i∈I equipped with the von Neumann bornology. Consider the
indutive system (Vi
c)i∈I of ompletions. The struture maps of this system need
not be injetive any more. For i ≤ j let Kij ⊆ Vic be the kernel of the map Vic →
Vj
c
. LetKi :=
⋃
j≥iKij . We laim that there is j ∈ I≥i suh thatKi = Kij . Before
we prove this we show that it implies the assertion of the theorem. The quotients
vN(Vi
c/Ki) form an indutive system with injetive struture maps. Let V¯ be the
diret union of this indutive system. Suppose that S ⊆ V is mapped to a bounded
subset of V¯ . Then S is von Neumann bounded in Vi
c/Ki and hene in Vj
c
for some
j ≥ i. Therefore, S is already von Neumann bounded in Vj . Hene the map V → V¯
is a bornologial embedding. Sine the spaes Vi
c/Ki are omplete, V¯ is a omplete
bornologial vetor spae. Hene V is subomplete.
It remains to nd j with Kij = Ki. Sine Vi is separable, so is Vi
c
. Hene
the subspae Ki ⊆ Vic ontains a ountable dense subset X ⊆ Ki. Elements of Vic
are limits of Cauhy sequenes in Vi. Eah x ∈ X is ontained in Kij for some
j ∈ I≥i. We write x as a limit of a Cauhy sequene (xn) in Vi. Sine x 7→ 0 in Vjc,
this Cauhy sequene is a null sequene in Vj
c
and hene in Vj . Therefore, it is
Tx-onvergent towards 0 for some bounded subset Tx ⊆ V . Sine V is metrizable,
there is a bounded subset T ⊆ V that absorbs the ountably many subsets Tx for
x ∈ X . This subset is the image of a von Neumann bounded subset of Vj for some
j ∈ I≥i. By onstrution, x 7→ 0 in Vj for all x ∈ X . Hene the losure Ki of X
in Vi
c
is also ontained in Kij . The inlusion Kij ⊆ Ki is trivial. 
5. Grothendiek's approximation property
Grothendiek's approximation property is essentially a Banah spae onept.
Hene the extension to onvex bornologial vetor spaes is just as easy as the
extension to loally onvex topologial vetor spaes. First we dene preompat,
ompat and relatively ompat subsets and ompat operators in the bornologial
framework. Then we explain what kind of approximations of operators we onsider.
This is not quite straightforward beause bornologial onvergene in Hom(V,W )
usually is too restritive. Another issue is that the Hahn-Banah theorem fails for
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bornologial vetor spaes. It may happen that there are no globally dened linear
funtionals. However, for many appliations it is enough to have loally dened
maps. Hene we onsider two variants of the approximation property whih use
loally and globally dened linear funtionals, respetively. They are equivalent for
regular spaes. For Fréhet spaes the bornologial approximation properties for
the preompat and von Neumann bornologies are equivalent to the usual approx-
imation property in the ase of a topologial vetor spae.
5.1. Compat subsets and ompat operators.
Definition 5.1. Let V be a bornologial vetor spae. A subset S ⊆ V is
alled (pre)ompat if there is a metri d on S suh that (S, d) is (pre)ompat and
the map (S, d) → V is uniformly ontinuous. It is alled relatively ompat if it is
ontained in a ompat subset.
This denition is loal. That is, a subset of a diret union lim−→Vi is preompat
if and only if it is preompat in Vi for some i ∈ I, and similarly for ompat
and relatively ompat subsets. In partiular, if V is a onvex bornologial vetor
spae then a subset is preompat, ompat or relatively ompat if and only if it
is preompat, et., in the normed spae VT for some bounded disk T ⊆ V .
It is easy to see that the preompat and relatively ompat subsets form two
vetor bornologies on V . We denote the preompat bornology on a bornologial
vetor spae V by Pt(V ). We have the following impliations:
ompat =⇒ relatively ompat =⇒ preompat =⇒ bounded.
If V is omplete then preompat⇐⇒ relatively ompat by Proposition 3.14.
It is often useful to replae a given bornology by the assoiated preompat
bornology. This mimis the passage from vN(V ) to Pt(V ) in the metrizable ase:
Theorem 5.2. Let V be a metrizable topologial vetor spae and let S ⊆ V .
Then the following are equivalent:
(i) S is topologially preompat;
(ii) S is bornologially preompat in Pt(V );
(iii) S is bornologially preompat in vN(V ).
Analogous statements hold for ompat and relatively ompat subsets.
Proof. The impliations (ii)=⇒(iii)=⇒(i) are obvious. To prove (i)=⇒(ii),
we equip V with a metri that denes its topology and restrit it to S. Thus S
beomes a preompat metri spae and the map S → V is uniformly ontinuous.
Hene it is uniformly ontinuous as a map to Pt(V ) by Theorem 3.7. 
Corollary 5.3. Let V be a metrizable topologial vetor spae. Any bounded
subset in Pt(V ) is bornologially preompat. If V is omplete then any bounded
subset is bornologially relatively ompat.
Definition 5.4. Let V andW be separated onvex bornologial vetor spaes.
An operator f : V → W is alled ompat if there is a Banah spae B and maps
f1 : V → B, f2 : B →W suh that f = f2 ◦ f1 and f2 maps the unit ball of B to a
ompat subset of W .
Let V and W be loally onvex topologial vetor spaes. Suppose that V is
bornologial and that W is metrizable. Then an operator f : vN(V ) → vN(W )
is ompat if and only if there exists a neighborhood of the origin U for whih
f(U) is relatively ompat in W . An analogous assertion holds for the preompat
bornologies if V is Pt-bornologial. Hene we get the usual notion of a ompat
operator in these ases.
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It is not hard to show that the sum of two ompat operators is again ompat.
The omposition of a ompat operator and a bounded operator (in any order) is
again ompat. It is lear that nite rank operators are ompat. We are mainly
interested in the ase where V is a Banah spae. Then an operator F : V →W is
ompat if and only if it maps the unit ball of V to a ompat subset of W . Sine
the image of the unit ball of V is automatially omplete, it is ompat if and only
if it is preompat.
5.2. Approximation of linear operators. Let V and W be bornologial
vetor spaes. Reall that Hom(V,W ) arries the equibounded bornology. This
gives rise to the following notion of bornologial onvergene: a sequene (fn) in
Hom(V,W ) onverges towards f∞ if and only if there exists a null-sequene (ǫn)
and for eah bounded subset S ⊆ V there exists a bounded subset T ⊆ W suh
that (fn − f∞)(S) ⊆ ǫn T for all n ∈ N. However, we usually annot hoose (ǫn)
uniformly for all S.
Definition 5.5. Let (fn)n∈N be an equibounded family of linear operators
V →W and let S ⊆ V be a bounded subset. We say that (fn) onverges uniformly
on S to f∞ if there is a bounded subset T ⊆W and a sequene of salars (ǫn) suh
that (fn − f∞)(S) ⊆ ǫn T for all n ∈ N. We abbreviate this as (fn − f∞)(S) → 0.
We say that (fn) onverges uniformly on bounded, ompat or preompat subsets
if it onverges uniformly on all bounded, ompat or preompat S, respetively.
Given operators (fn)n∈N we dene F : V → WN by F (v)(n) := fn(v). The
sequene (fn) onverges uniformly on S to f∞ if and only if F (S) is a uniformly
ontinuous subset of C(N,W ). Hene the sequene (fn) onverges uniformly on
bounded subsets if and only if F is a bounded linear map V → C(N,W ).
Theorem 5.6. Let V be a bornologial vetor spae, let W be a metrizable
topologial vetor spae and let S ⊆ V be preompat. Let (fn)n∈N be an equibounded
set of linear maps V → vN(W ). Then the following are equivalent:
(i) (fn) onverges towards f∞ in the topology of uniform onvergene on S;
(ii) (fn − f∞)(S)→ 0 in Pt(W );
(iii) (fn − f∞)(S)→ 0 in vN(W );
(iv) lim fn(v) = f(v) for all v ∈ S.
Hene we get the same notion of uniform onvergene on (pre)ompat subsets of V
if we use the topology of W or the bornologies Pt(W ) and vN(W ).
Proof. It is lear that (ii)=⇒(iii)=⇒(i)=⇒(iv). We must prove (iv)=⇒(ii).
Let C(N,W ) be the metrizable topologial vetor spae of ontinuous funtions
N→ W . Dene F as above. Then (iv) asserts F (S) ⊆ C(N,W ). By hypothesis, S
is preompat in an appropriate topology for whih the map S → V is uniformly
ontinuous. Sine the family of operators (fn) is equibounded, the map F : S →
C(N,W ) is a uniformly ontinuous map between metri spaes. Hene F (S) ⊆
C(N,W ) is preompat. By Theorem 3.7, F (S) is loally uniformly ontinuous as
a subset of C(N,Pt(W )). This implies (ii). 
Definition 5.7. We say that an operator f : V → W an be approximated
uniformly on (pre)ompat subsets by nite rank operators if for all (pre)ompat
subsets S ⊆ V there is a sequene of nite rank operators fn : V →W , n ∈ N, suh
that (fn − f)(S)→ 0.
Denition 5.7 allows for a dierent sequene of nite rank maps for eah pre-
ompat subset. Thus we are impliitly dealing with a net of operators fS,n. We
need nets already for inseparable Banah spaes.
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5.3. The approximation properties. Reall that a onvex bornologial ve-
tor spae is alled regular if the bounded linear funtionals on it separate its points.
Lemma 5.8. Let V be a regular onvex bornologial vetor spae and let W be a
bornologial vetor spae. Let T ⊆ V be a bounded disk and let S ⊆ VT be a ompat
disk. Let f : VT → W be a bounded nite rank map. Then there is a sequene of
bounded nite rank maps fn : V → W , n ∈ N, suh that (fn) onverges uniformly
on S to f .
Proof. We identify nite rank maps V → W with elements of the unom-
pleted bornologial tensor produt V ′ ⊗W . Sine the map VT → V is injetive
and V is regular, the image of V ′ in V ′T is weakly dense. Sine the weak topology and
the topology of uniform onvergene on ompat disks have the same ontinuous
linear funtionals, they also have the same losed onvex subsets. Hene V ′ ⊆ V ′T is
still dense in the topology of uniform onvergene on S. Write f ∈ V ′T ⊗V as a sum
of nitely many elementary tensors l ⊗ w. For eah l ∈ V ′T there is a sequene (ln)
in V ′ that onverges towards l in V ′S . Viewing the sum of the elementary tensors
ln ⊗ w as a nite rank map V →W , we obtain the desired approximation. 
Definition and Lemma 5.9. Let V be a omplete onvex bornologial vetor
spae. The following onditions are equivalent:
(i) for any Banah spae E any ompat linear map E → V an be approximated
uniformly by nite rank operators;
(ii) for any Banah spae E any bounded linear map E → V an be approximated
uniformly on ompat subsets by nite rank operators;
(iii) for any ompat disk S ⊆ V there is a bounded disk T ⊆ V suh that S ⊆ T
and the inlusion VS → VT is the uniform limit of a sequene of nite rank
operators in Hom(VS , VT );
(iv) for any ompat disk S ⊆ V there is a ompat disk T ⊆ V suh that S ⊆ T
and VS → VT is the uniform limit of a sequene of nite rank operators in
Hom(VS , VT ).
If V satises these equivalent onditions we say that V has the loal (bornologial)
approximation property.
Proof. For a Banah spae E an operator f : E → V is ompat if and only
if it maps the unit ball of E to a ompat disk. Hene ondition (i) holds for all
Banah spaes E and all ompat maps E → V one it holds for the inlusions
VS → V for ompat disks S. Condition (iii) makes expliit what (i) means for the
maps VS → V . Thus (i)⇐⇒ (iii). We next prove the impliation (i)=⇒(ii). Again
it sues to prove (ii) for maps of the form VT → V for a bounded disk T ⊆ V .
Let S ⊆ VT be a ompat disk. By (i) the inlusion VS → V an be approximated
by nite rank operators VS → V . Lemma 5.8 allows us to take bounded nite rank
operators VT → V . This means that (ii) holds. It is lear that (iv) implies (iii).
Hene we are done if we prove the impliation (ii)=⇒(iv).
Let S ⊆ V be a ompat disk. Thus S is a ompat disk in VS′′ for some
omplete bounded disk S′′ ⊆ V . By Theorem 5.2 there is a ompat disk S′ ⊆ VS
suh that S is already ompat in VS′ . Condition (ii) provides a sequene of nite
rank maps fn : VS′′ → V suh that (fn − id)(S′) → 0. This onvergene happens
in VT ′ for some bounded disk T
′ ⊆ V . Sine S is ompat in VS′ , Theorem 5.6
yields that already (fn − id)(S) → 0 in Pt(VT ′). That is, (fn − id)(S) → 0 in VT
for some ompat disk T ⊆ T ′. This is exatly what (iv) means. 
Definition and Lemma 5.10. Let V be a omplete onvex bornologial vetor
spae. The following onditions are equivalent:
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(i) the identity map of V an be approximated uniformly on ompat subsets by
nite rank operators;
(ii) any operator V → V an be approximated uniformly on ompat subsets by
nite rank operators;
(iii) for any bornologial vetor spae W any operator V →W an be approximated
uniformly on ompat subsets by nite rank operators;
(iv) for any bornologial vetor spae W any operator W → V an be approximated
uniformly on ompat subsets by nite rank operators;
(v) V has the loal approximation property and is regular.
If V satises these equivalent onditions we say that V has the global (bornologial)
approximation property.
Proof. The equivalene of the rst four onditions is proved as for topologial
vetor spaes (see [2℄). The idea is that (fn ◦ φ) and (φ ◦ fn) approximate φ on a
given subset one (fn) approximates idV on a suiently large subset. It remains
to prove that these onditions are equivalent to (v). Restriting to Banah spaes
in (iv), we see that the global approximation property implies the loal one. If
x ∈ V , x 6= 0, then there is a sequene of nite rank maps fn : V → V with
fn(x)→ x. Sine nite rank operators are elements of V ′⊗V , there must be l ∈ V ′
with l(x) 6= 0. Hene (i) implies that V is regular. Thus (i)(iv) imply (v).
Conversely, suppose (v). Fix a ompat disk S ⊆ V . Then S is ompat
in VT for some bounded disk T ⊆ V . By the loal approximation property we an
approximate the inlusion VT → V uniformly on S by bounded nite rank maps
VT → V . Sine V is regular, Lemma 5.8 allows us to use bounded nite rank maps
V → V . Thus (v) implies (i). 
The loal approximation property is evidently hereditary for diret unions.
Theorem 5.11. Let V be a Fréhet spae. Then the following are equivalent:
(i) V has Grothendiek's approximation property as a topologial vetor spae;
(ii) vN(V ) has the global approximation property;
(iii) vN(V ) has the loal approximation property;
(iv) Pt(V ) has the global approximation property;
(v) Pt(V ) has the loal approximation property.
Proof. Sine Pt(V ) and vN(V ) are evidently regular, there is no dierene be-
tween the loal and global approximation properties. Moreover, Pt(V ) and vN(V )
have the same ompat disks by Theorem 5.2. Sine ondition (iv) of Denition 5.9
haraterizes the loal approximation property using only ompat disks, the lo-
al approximation properties for vN(V ) and Pt(V ) are equivalent. Thus (ii)(v)
are equivalent. The equivalene (i) ⇐⇒ (ii) follows from Theorem 5.6. The equi-
boundedness requirement in Theorem 5.6 an be irumvented as in the proof of
the impliation (ii)=⇒(iv) in Lemma 5.9. 
6. Isoradial homomorphisms and loal homotopy equivalenes
Throughout this setion, we restrit attention to omplete onvex bornologial
algebras. The basi onept of this setion is the spetral radius of a bounded
subset. We use it to dene loally multipliative bornologial algebras and isoradial
homomorphisms. Being loally multipliative means being a diret union of Banah
algebras. A subalgebra A of a loally multipliative algebra B is alled isoradial
if it is loally dense and if a bounded subset of A has the same spetral radius in
A and B. We exhibit several important examples of isoradial subalgebras. Then
we introdue approximate loal homotopy equivalenes, briey alled apples. Loal
yli homology is dened so that apples beome isomorphisms in bivariant loal
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yli homology. Our main theorem asserts that an isoradial homomorphism is an
apple provided a ertain approximation ondition is satised. This explains the
invariane of loal yli homology for smooth subalgebras and is responsible for
the good properties of the theory.
6.1. The spetral radius. Let A be a omplete onvex bornologial algebra.
Definition 6.1. Let S ⊆ A be a bounded subset. We dene the spetral
radius ρ(S) = ρ(S;A) of S as the inmum of the numbers r ∈ R>0 for whih the
set (r−1S)∞ :=
⋃∞
n=1(r
−1S)n is bounded. If no suh r exists, we put ρ(S) = ∞.
We all A loally multipliative if ρ(S) <∞ for all bounded subsets S ⊆ A.
Proposition 6.2. A omplete onvex bornologial algebra is loally multiplia-
tive if and only if it is a diret union of Banah algebras.
Proof. It is lear that diret unions of Banah algebras are loally multiplia-
tive. Suppose onversely that A is loally multipliative. Let S ⊆ A be bounded.
Then there is r ∈ R>0 with ρ(S) < r. The omplete disked hull T of (r−1S)∞
is bounded and satises S ⊆ rT and T · T ⊆ T , so that AT is a Banah algebra.
The same argument as the abstrat nonsense part of the proof of Theorem 4.4 now
shows that A is a diret union of Banah algebras. 
The usual Banah algebra funtional alulus an be extended easily to loally
multipliative omplete bornologial algebras. In fat, this was one of the historial
motivations to study bornologial algebras.
The spetral radius is loal in the following sense. If A is a diret union of
subalgebras (Ai)i∈I then
(1) ρ(S;A) = lim inf ρ(S;Ai)
for all bounded subsets S ⊆ A.
Lemma 6.3. Let S ⊆ A be a bounded subset. Let S′ be its disked hull. Then
ρ(S) = ρ(S′). We have ρ(cS) = |c|ρ(S) for all c ∈ C and ρ(Sn) = ρ(S)n for all
n ∈ N≥1. Let SA ⊆ A and SB ⊆ B be bounded disks and let SA ⊗ˆ SB ⊆ A ⊗ˆ B be
the omplete disked hull of the set of elementary tensors x⊗y with x ∈ SA, y ∈ SB.
Then ρ(SA ⊗ˆ SB) ≤ ρ(SA) · ρ(SB).
Proof. We only prove ρ(Sn) ≥ ρ(S)n, the remaining assertions are obvious.
Write S∞ =
⋃n−1
j=0 S
j · (Sn)∞. Hene S∞ is bounded one (Sn)∞ is bounded. 
In order to work with the spetral radius, we must have enough subsets with
nite spetral radius. Therefore, we restrit attention to loally multipliative al-
gebras in the following. However, our methods still apply in somewhat greater
generality. For instane, the algebra C(R) of (unbounded) ontinuous funtions
on R an still be treated in a similar way.
Definition 6.4. Let A and B be loally multipliative omplete onvex born-
ologial algebras and let f : A → B be a bounded homomorphism. We all f
isoradial if f(A) is loally dense in B and ρ(S;A) = ρ(f(S);B) for all bounded
subsets S ⊆ A. If ker f = 0, we all A an isoradial subalgebra of B.
Lemma 6.5. A bounded homomorphism f : A → B with loally dense range is
isoradial if and only if ρ(S;A) ≤ 1 for all bounded S ⊆ A with ρ(f(S);B) < 1.
Proof. Use that ρ(f(S)) ≤ ρ(S) always holds and that ρ(c S) = cρ(S). 
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Remark 6.6. Loally multipliatively onvex Fréhet algebras need not be lo-
ally multipliative. For instane, Pt
(∏
n∈NC
)
is not loally multipliative. Mihael
Pushnigg alls a Fréhet algebra A nie if Pt(A) is loally multipliative ([7℄).
For loally multipliative Fréhet algebras our denition of an isoradial subalgebra
is equivalent to Pushnigg's denition of a smooth subalgebra in [7℄.
Theorem 6.7. Let A, B and C be loally multipliative omplete onvex born-
ologial algebras. Suppose that C is nulear. If f : A → B is an isoradial homo-
morphism then so is the indued homomorphism f∗ : A ⊗ˆ C → B ⊗ˆ C.
Proof. It is lear that f(A ⊗ˆC) is loally dense in B ⊗ˆC. Let S ⊆ A ⊗ˆC be
a bounded subset with ρ(f∗(S)) < 1. We have to prove ρ(S) ≤ 1. Choose r with
ρ(f∗(S)) < r < 1. Then T := (r
−1f∗(S))
∞
is a bounded subset of B ⊗ˆC. Hene T
is absorbed by a set of the form TB ⊗ˆ TC with omplete bounded disks TB and TC
in B and C. Similarly, S itself is absorbed by SA ⊗ˆ SC with omplete bounded
disks SA and SC . We may assume that TC absorbs SC . Sine C is nulear, it is a
diret union of spaes isomorphi to ℓ1(N). Hene we an hoose TC suh that CTC
is isometri to ℓ1(N). Sine all algebras are loally multipliative, we may assume
SA, TB and SC to be submultipliative and we an resale TC so that ρ(TC) ≤ 1.
By onstrution we have (r−1f∗(S))
∞ ⊆ β · TB ⊗ˆ TC for some β > 0. Hene
f∗(S
n) = f∗(S)
n ⊆ rnβ · TB ⊗ˆ TC ⊆ r · TB ⊗ˆ TC
for suiently large n. We x suh an n. Sine SA and SC are submultipliative,
Sn is still absorbed by SA ⊗ˆSC and hene by SA ⊗ˆTC . Let Tα := α ·SA ∩ f−1(TB)
for α > 0. This is a bounded disk in A with gauge norm
‖x‖Tα = max {‖f(x)‖TB , α−1‖x‖SA} ≤ ‖f(x)‖TB + α−1‖x‖SA .
Sine f(Tα) ⊆ TB and f is isoradial, we have ρ(Tα) ≤ 1 and hene ρ(Tα ⊗ˆ TC) ≤ 1
for all α > 0. We want to show that Sn ⊆ Tα ⊗ˆ TC for suiently large α. Sine
ρ(Sn) = ρ(S)n by Lemma 6.3, this implies ρ(S) ≤ 1 as desired.
Sine CTC is isometri to ℓ
1(N), we an estimate the gauge norm for Tα ⊗ˆTC as
follows. We have an isometry V ⊗ˆCTC ∼= ℓ1(N, V ) for any Banah spae V . Hene
‖x‖Tα⊗ˆTC = ‖x‖ℓ1(N,Tα) =
∑
j∈N
‖xj‖Tα
≤
∑
j∈N
‖f(xj)‖TB + α−1‖xj‖SA = ‖f∗(x)‖TB⊗ˆTC + α−1‖x‖SA⊗ˆTC .
For x ∈ Sn we have ‖f∗(x)‖TB⊗ˆTC ≤ r and ‖x‖SA⊗ˆTC ≤ β for some β > 0. For
suiently large α we get ‖x‖Tα⊗ˆTC ≤ 1, that is, Sn ⊆ Tα ⊗ˆ TC . 
Lemma 6.8. Let A be a loally multipliative omplete onvex bornologial alge-
bra. If S ⊆ A is bornologially preompat then ρ(S;A) = ρ(S; PtA). Thus Pt(A)
is loally multipliative and Pt(A)→ A is isoradial.
Proof. Suppose that (r−1 S)∞ is bounded. The lemma follows if we show
that (R−1 S)∞ is preompat for all R > r. Let T ′ ⊆ A be a bounded disk suh
that S is preompat in AT ′ . Let T be a submultipliative, omplete bounded disk
that absorbs (r−1 S)∞ ∪ T ′. Hene (R−1 S)n is preompat in AT for all n ∈ N.
Sine T absorbs (r−1 S)∞ and R > r, for any ǫ > 0 there is m ∈ N suh that
(R−1 S)n ⊆ ǫ T for all n ≥ m. Thus (R−1 S)∞ is preompat in AT . 
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6.2. Examples of isoradial subalgebras. Let A be a loally multipliative
omplete bornologial algebra. Let M be a smooth manifold with ountably many
onneted omponents and let M+ = M ∪ {∞} be the one point ompatiation
of M equipped with any metri that denes its topology. The spae C0(M,A)
is dened as the subspae of C(M+, A) of funtions vanishing at ∞. We equip
C0(M,A) with the bornology of uniform ontinuity. Let D(M,A) be the spae of
smooth ompatly supported funtions M → A. This is the diret union of the
spaes E0(K,A) of smooth funtions M → A with support in K, where K runs
through the ompat subsets of M .
Proposition 6.9. Let B be C0(M,A) or D(M,A) and let S ⊆ B be a bounded
subset. For x ∈ M let Sx := {f(x) | f ∈ S}. The funtion x 7→ ρ(Sx;A) on M is
upper semiontinuous and vanishes at ∞, and
ρ(S;B) = max {ρ(Sx;A) | x ∈M}.
Proof. Write A as a diret union of Banah algebras AT . Then C0(M,A) and
D(M,A) are diret unions of the algebras C0(M,AT ) and D(M,AT ), respetively.
By (1) we may assume without loss of generality that A be a Banah algebra. Let
x ∈ M+ and let r2 > r1 > r0 > ρ(Sx). Then (r−10 Sx)∞ is bounded in AT , so that
(r−11 Sx)
n ⊆ T for suiently large n. Sine S is a loally uniformly ontinuous set
of funtions, we have (r−12 Sy)
n ⊆ T for y in some neighborhood of x. Therefore,
the funtion ρ(Sx) is upper semiontinuous. It vanishes at ∞ beause S∞ = {0}.
Therefore, it attains its maximum on M .
Let r > ρ(Sx) for all x ∈M . Then there exist nj ∈ N≥1 and an open overing
(Uj) of M
+
suh that f(y)n ∈ rn T for all f ∈ S, y ∈ Uj , n ≥ nj . Sine M+
is ompat, we an nd a nite subovering. Hene we an nd n ∈ N≥1 suh
that f(y)n ∈ rn T for all y ∈ M+, f ∈ S. This easily implies ρ(Sn) ≤ rn
for B = C0(M,A) (use Lemma 6.8). A straightforward omputation using the
derivation property gives the same onlusion for B = D(M,A) as well. Hene
ρ(S) ≤ max {ρ(Sx)} as desired. The onverse inequality is trivial. 
Proposition 6.10. The subalgebra D(M,A) ⊂ C0(M,A) is isoradial.
Proof. The omputation in Proposition 6.9 shows that the embedding pre-
serves spetral radii. To prove that its range is loally dense, we an redue to the
ase where A is a Banah algebra beause both D(M,A) and C0(M,A) are loal
in A. It follows from Theorem 4.10 that D(M,A) is loally dense. 
Theorem 3.7 and Corollary 3.9 yield
Pt(C0(M,A)) ∼= C0(M,Pt(A)), Pt(D(M,A)) ∼= D(M,Pt(A))
if A is a Fréhet algebra. We must use the preompat bornology beause we
need the bornology of uniform ontinuity on C0(M,A). In the following all Fréhet
algebras are taitly equipped with the preompat bornology.
Proposition 6.11. Let (Ai)i∈I be an indutive system of loally multipliative
omplete onvex bornologial algebras with injetive struture maps. Let A be its
diret union and let ι : A → B be an injetive bounded homomorphism with loally
dense range. Suppose that the omposition Ai → A→ B is a bornologial embedding
for all i ∈ I. Then ι is isoradial. The hypotheses above are veried if the Ai are
C∗-algebras and B is the indutive limit C∗-algebra.
Proof. Sine Ai → B is a bornologial embedding, it preserves spetral radii.
Any bounded subset of A is already bounded in Ai for some i ∈ I. Hene A→ B
preserves spetral radii. Sine the subalgebra A is also loally dense in B, it is
isoradial. For C∗-algebra indutive limits it is lear that Ai → B arries the
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subspae topology and hene the subspae bornology. The loal density of A follows
from Theorem 4.10. 
Next we onsider smooth subalgebras for group ations. Let π : G×A→ A be
a representation of a metrizable loally ompat group G by automorphisms on a
loally multipliative omplete onvex bornologial algebra A. We use the funtion
spaes C˜(G,A) and E˜(G,A) dened in Remark 3.6 and [6℄. Both are bornologial
algebras for the pointwise produt. The representation π is alled loally uniformly
ontinuous or smooth if π∗(g)(a) := π(g, a) denes a bounded linear map into
C˜(G,A) or E˜(G,A), respetively. The map π∗ is an algebra homomorphism for the
pointwise produt on C˜(G,A). The above notion of ontinuous representation is the
usual one if A is a Fréhet algebra by Theorem 3.7 and Lemma 2.2. The smooth
subspae A∞ for the group ation π is dened in [6℄ as the intersetion
A∞ := E˜(G,A) ∩ π∗(A) ⊆ C˜(G,A).
It is a losed bornologial subalgebra of E˜(G,A). It is shown in [6℄ that this gives
the usual smooth domain if A is a Fréhet algebra.
Proposition 6.12. The smooth subalgebra A∞ ⊆ A for a loally uniformly
ontinuous group ation is isoradial.
Proof. In the denition of A∞ we an replae E˜(G,A) and C˜(G,A) by E(L,A)
and C(L,A) for any ompat neighborhood of the identity L ⊆ G (see [6℄). We
laim that the subalgebra E(L,A) ⊆ C(L,A) is isoradial. Proposition 6.9 shows
that C(L,A) is loally multipliative, so that this assertion makes sense. In order
to apply Proposition 6.10, we rst have to redue to the Lie group ase. Let U ⊆ G
be an almost onneted open subgroup. Then we may assume L ⊆ U and hene
an replae G by U . Let k ⊆ U be a ompat normal subgroup for whih U/k is
a Lie group. The struture theory of almost onneted groups yields that U is the
projetive limit of suh quotient groups. The spae E(L,A) is dened as the diret
union of the spaes E(L/k,A) for suh subgroups. Sine L/k ⊆ U/k is a ompat
subset of a smooth manifold, E(L/k,A) has the usual meaning. Although C(L,A)
is not equal to the diret union of the spaes C(L/k,A), Proposition 6.11 yields that
lim−→C(L/k,A) is an isoradial subalgebra of C(L,A). Proposition 6.10 implies that
the subalgebras E(L/k,A) ⊆ C(L/k,A) are isoradial. Hene E(L,A) is isoradial in
C(L,A) as asserted.
The homomorphisms A∞ → E(L,A) and A → C(L,A) are bornologial em-
beddings. Hene they preserve the spetral radii of subsets. Thus the embedding
A∞ → A preserves spetral radii. It remains to prove that A∞ is loally dense in A.
For any f ∈ D(G) onvolution with f denes a bounded linear map A→ A∞. Ex-
pliitly, we have f∗a = ∫G f(g)π(g, a) dg. If S ⊆ A is bounded then π∗(S) ⊆ C(L,A)
is uniformly ontinuous. Hene the operators of onvolution by f onverge to the
identity uniformly on bounded subsets of A if f runs through an approximate iden-
tity in D(G). This implies that A∞ is loally dense in A. 
6.3. Approximate loal homotopy equivalenes. In this setion we do
not want to restrit to loally multipliative algebras beause the more general ase
is also important and reates only minor notational inonvenienes.
Let A and D be separated onvex bornologial algebras. Let S ⊆ D be a
bounded disk. Let S(2) ⊆ D be the disked hull of S ∪ S · S. Let g : DS(2) → A be a
bounded linear map. Its urvature is the bounded bilinear map
ωg : DS ×DS → A, ωg(x, y) := f(xy)− f(x)f(y).
To simplify our notation we write
|g|ω := ρ(ωg(S, S);A).
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We all g approximately multipliative if |g|ω < 1. (We an replae 1 by any ǫ > 0
beause ωg(tS, tS) = t
2ωg(S, S).) We writeM(S;D,A) for the set of approximately
multipliative maps DS(2) → A. A smooth homotopy between suh maps is an el-
ement of M(S;D, E([0, 1], A)). An idea of Joahim Cuntz ([1℄) shows that smooth
homotopy is an equivalene relation. We annot diretly onatenate smooth ho-
motopies beause the derivatives may jump at the glueing point. The solution is to
reparametrize the smooth homotopy using a smooth bijetion h : [0, 1]→ [0, 1] with
vanishing derivatives at 0 and 1. We let H(S;D,A) be the set of smooth homotopy
lasses of approximately multipliative maps DS(2) → A.
Notie that the spae H(S;D,A) only depends on things happening in DS(2) .
Hene we may replae D by the quotient of the tensor algebra on DS(2) by the ideal
generated by the relations x⊗y = x ·y for x, y ∈ S. Thus we may restrit attention
to algebras D with suh a bounded presentation.
Definition 6.13. Let f : A → B be a bounded homomorphism between two
separated onvex bornologial algebras. We all f an approximate loal homotopy
equivalene or briey an apple if the indued map f∗ : H(S;D,A)→ H(S;D,B) is
bijetive for any bounded disk S in any separated onvex bornologial algebra D.
We an make Denition 6.13 more expliit, but the result is rather ompli-
ated and not partiularly useful. Let f : A → B be an apple. Let T ⊆ B be a
bounded disk. Then the inlusion iT : BT (2) → B denes an element of H(T ;B,B)
whih must be f∗(gT ) for some gT ∈ H(T ;B,A). We represent gT by an approx-
imately multipliative map gT : BT (2) → A. These maps play the role of a homo-
topy inverse of f . Sine f∗(gT ) = iT in H(T ;B,B), there is a smooth homotopy
hBT ∈ M(T ;B, E([0, 1], B)) between f ◦ gT and iT . Now let S ⊆ A be a bounded
disk. Then iS : AS(2) → A denes an element of H(S;A,A). The elements iS and
gf(S) ◦ f ◦ iS ∈ H(S;A,A) are mapped to the same element of H(S;A,B). Hene
there is a smooth homotopy hAS ∈ M(S;A, E([0, 1], A)) between gf(S)fiS and iS .
Conversely, the existene of maps gT , h
B
T and h
A
S as above sues to guarantee
that f is a loal homotopy equivalene. We prefer Denition 6.13 beause it seems
more tratable.
Theorem 6.14. Let A and B be loally multipliative omplete onvex borno-
logial algebras and let f : A→ B be an isoradial bounded homomorphism. Suppose
that one of the following onditions is satised:
(i) any bounded subset of B is bornologially relatively ompat and B has the
loal approximation property;
(ii) for eah bounded disk S ⊆ B there is a sequene (σn) of bounded linear maps
σn : BS → A suh that (f ◦ σn − id)(S)→ 0.
Then f is an approximate loal homotopy equivalene (apple).
Proof. First we laim that ondition (i) implies (ii). If (i) holds then any
bounded disk S ⊆ B is ontained in a ompat disk. By the loal approximation
property there is a omplete bounded disk T ⊆ B ontaining S and a sequene (σn)
of bounded nite rank linear maps BS → BT suh that (σn) onverges in the norm
topology on Hom(BS , BT ) towards the inlusion map BS → BT . Sine f(A) is
loally dense, we an ahieve that f(A) ∩ BT is dense in BT by enlarging T . We
may replae σn by a nearby bounded nite rank map into f(A) ∩ BT and lift it
to a bounded nite rank map into A. The resulting maps verify ondition (ii).
Therefore, we may assume (ii) in the following.
Let D be a separated onvex bornologial algebra and let S ⊆ D be a bounded
disk. Let h : DS(2) → B be a bounded linear map with |h|ω < 1. Thus h ∈
M(S;D,B). We want to prove that h is smoothly homotopi to f ◦ h′ for an
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appropriate h′ ∈ M(S;D,B). Let X be the disked hull of h(S(2)) + h(S) · h(S).
Condition (ii) yields a sequene of bounded linear maps σn : BX → A suh that
(f ◦ σn − id)(X)→ 0. This onvergene already happens in BS′ for some bounded
disk S′ ⊆ B. We laim that there are 0 < r < 1 and a bounded disk T ⊆ B suh
that T · T ⊆ T , ωh(S, S) ⊆ rT and T absorbs h(S(2)) ∪ S′.
Fix R with |h|ω < R < 1. The set T1 :=
√
R (R−1ωh(S, S))
∞ ⊆ B is bounded.
By onstrution, ωh(S, S) ⊆ T1 and T1 · T1 ⊆
√
RT1. Sine B is loally multiplia-
tive, there is a submultipliative bounded disk T2 ⊆ B that absorbs the bounded
subset h(S(2)) ∪ T1 ∪ S′. Sine T 21 ⊆
√
RT1, we have T
n
1 ⊆ RT2 for suiently
large n. Then also (T1 + ǫ T2)
n ⊆ √RT2 for some ǫ > 0. The set T3 := T1 + ǫ T2
ontains ωh(S, S), absorbs h(S
(2)) ∪ S′ and satises ρ(T3) < 1. Finally, the disked
hull T of (r−1T3)
∞
has the required properties for any r between ρ(T3) and 1. This
establishes the laim.
By onstrution, BT is a normed algebra. We obtain a sequene of bounded
linear operators h(n) := f ◦σn ◦h : DS(2) → BT that onverges uniformly towards h
in Hom(DS(2) , BT ). Sine ωh(S, S) ⊆ r T , we have ωh(n)(S, S) ⊆
√
r T for n→ ∞.
Even more, Proposition 6.9 yields that for n→∞ the linear homotopy
h+ t(h(n) − h) : DS(2) → E([0, 1], BT )
is approximately multipliative. Thus [h] = [h(n)] inH(S;D,B). Sine f is isoradial
and ωfσnh(S, S) = f(ωσnh(S, S)), we get σnh ∈M(S;D,A). Thus f∗[σnh] = h for
suiently large n, that is, f∗ : H(S;D,A)→ H(S;D,B) is surjetive.
Now we prove injetivity. Let D ⊇ S be as above, h0, h1 ∈ M(S;D,A) and
H ∈ M(S;D, E([0, 1], B)) suh that Ht = f ◦ ht for t = 0, 1. This means that
f∗[h0] = f∗[h1] in H(S;D,B). We have to prove that [h0] = [h1] in H(S;D,A).
Sine the funtor E([0, 1], xy) is loal, H is a bounded map to E([0, 1], BX) for some
bounded disk X ⊆ B. Condition (ii) yields bounded linear maps σn : BX(2) → A
suh that (f ◦ σn − id)(X(2))→ 0. Consider the smooth homotopies h(n) : DS(2) →
E([0, 1], A) dened by h(n)t := σn ◦Ht and let H(n) := f∗ ◦ h(n). It is not hard to
see that (H(n) −H)(S(2))→ 0. The indued map
f∗ : E([0, 1], A)→ E([0, 1], B)
is isoradial by Proposition 6.9 or by Theorem 6.7. Hene the same argument as in
the proof of surjetivity shows that |h(n)|ω < 1 for n→∞. Thus [h(n)0 ] = [h(n)1 ] in
H(S;D,A). Sine f ◦h(n)0 = H(n)0 onverges uniformly to H0 for n→∞, the linear
homotopy tH0+(1− t)H(n)0 = f∗(th0+(1− t)h(n)0 ) is approximately multipliative
for n → ∞. Sine f∗ is isoradial, we get [h0] = [h(n)0 ] for n → ∞. For the same
reason, [h1] = [h
(n)
1 ] and thus [h0] = [h1] in H(S;D,A). 
Finally, we examine whether the additional approximation hypothesis of The-
orem 6.14 holds in the examples in Setion 6.2. We begin with some general om-
ments. Let B be a loally multipliative Fréhet algebra. Theorems 5.2 and 5.11
imply that ondition (i) of Theorem 6.14 holds if and only if B has Grothendiek's
approximation property. In partiular, this overs the ase of nulear C∗-algebras.
Theorem 5.6 yields that the onvergene in (ii) is equivalent to onvergene in the
topology of uniform onvergene on S. The equiboundedness hypothesis in Theo-
rem 5.6 an be irumvented as in the proof of Lemma 5.9.
Consider now the subalgebra D(M,A) ⊆ C0(M,A). In this ase we an use a
sequene of smoothing operators onM that onverge towards the identity to dene
maps σn : C0(M,A) → D(M,A). It is straightforward to verify that these maps
fulll ondition (ii) of Theorem 6.14. Thus the embedding D(M,A)→ C0(M,A) is
28 RALF MEYER
an apple. For smoothenings of group representations we have already veried the
approximation ondition in the proof of Proposition 6.12.
In the situation of ompleted diret unions, Theorem 6.14 may or may not apply.
Condition (i) holds if B is a Fréhet algebra with Grothendiek's approximation
property. There are some ases where we an verify ondition (ii) easily. For a
C∗-algebra A let KA := K(ℓ2N) ⊗ A be the C∗-algebra stabilization of A. This
is the C∗-algebra diret limit of the system (MnA). Compression to C
n ⊆ ℓ2(N)
denes maps KA → MnA. Theorem 5.6 shows that they fulll ondition (ii) of
Theorem 6.14. Hene lim−→MnA → KA is an apple. Similarly, if (Ai)i∈I is a set of
C∗-algebras then the embedding of the purely algebrai diret sum of (Ai) into the
C∗-diret sum satises ondition (ii) of Theorem 6.14 beause we have bounded
projetions from the C∗-diret sum onto the fators.
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